A class of inverse problems for a wave equation with involution is considered for cases of two different boundary conditions, namely, Dirichlet and Neumann boundary conditions. The existence and uniqueness of solutions of these problems are proved. The solutions are obtained in the form of series expansion using a set of appropriate orthogonal basises for each problem. Convergence of the obtained solutions is also justified.
Introduction
In many physical problems, determination of coefficients or right-hand side according to some available information (the source term, in case of a wave equation) in a differential equation is required; these problems are known as inverse problems. These kinds of problems are ill-posed in the sense of Hadamard.
The purpose of this paper is to study inverse problems for a nonlocal wave equation with involution of space variable x. We consider the nonlocal wave equation
for (x, t) ∈ Ω = {0 < x < π, 0 < t < T } , where ε is a real number. Wide opportunities for applying equations with deviating argument in mathematical models have increased the interest of the study of new problems for partial differential equations [1] [2] [3] .
Among differential equations with deviating arguments, a special place is occupied by equations with a deviation of arguments of alternating character. Such deviations include the so-called deviation of involution type [4] . To describe them, let Γ be an interval in R and let X ∈ Γ be a real variable.
The homeomorphism α 2 (X) = α (α (X)) = X is called a Carleman shift (deviation of involution) [5] . Equations containing Carleman shift are equations with an alternating deviation (at X * < X being equations with advanced, and at X * > X being equations with delay, where X * is a fixed point of the mapping α (X) ). Concerning the inverse problems for partial differential equations with involutions, some recent works have been implemented in [6] [7] [8] [9] [10] [11] .
Statement of problems
The paper is devoted to two inverse problems concerning the wave equation with a perturbative term of involution type with respect to the space variable. We obtain existence and uniqueness results for these problems, based on the Fourier method.
Problem D. Find a couple of functions (u (x, t) , f (x)) satisfying the equation (1), under the conditions
Р е п о з и т о р и й К а р Г У and the homogeneous Dirichlet boundary conditions
where ψ(x) is a given sufficiently smooth function. Problem N. Find the couple of functions (u (x, t) , f (x)) in the domain Ω satisfying equation (1), conditions (2), (3), (4) and the homogeneous Neumann boundary conditions
A regular solution of the problems D and N is the pair of functions (u (x, t) , f (x)) , where u ∈ C 2 Ω and f ∈ C ([0, π]) .
Spectral properties of the perturbed Sturm-Liouville problem
Application of the Fourier method for solving the problems D and N leads to a spectral problem defined by the equation
and one of the following boundary conditions
It is easy to see that the Sturm-Liouville problem for the equation (7) with one of the boundary conditions (8) and (9) is self-adjoint. It is known that the self-adjoint problem has real eigenvalues and their eigenfunctions form a complete orthonormal basis in L 2 (0, π) [12] . To further investigate the problems under consideration, we need to calculate the explicit form of the eigenvalues and eigenfunctions.
It is easy to show that for |ε| < 1 the problem (7), (8) has the following eigenvalues
and eigenfunctions
Similarly, the problem (7), (9) has the eigenvalues
and corresponding eigenfunctions
The following lemma is proved in [11] . Lemma 1. The systems of functions (10) and (11) are complete and orthonormal in L 2 (0, π) .
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Main results
For the considered problems D and N, the following theorems are valid.
then the solution of the problem D exists, is unique and it can be written in the form
where ψ
and cos √ 1 + ε2kT < σ 2 < 1, then the solution of the problem N exists, is unique and it can be written in the form
Proof of the uniqueness of the solution
Suppose that there are two solutions {u 1 (x, t) , f 1 (x)} and {u 2 (x, t) , f 2 (x)} of the problem P. Denote
and
Then the functions u (x, t) and f (x) satisfy (1) and the homogeneous conditions (2) and (5).
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Applying the operator 
Integrating by parts and taking into account the homogeneous conditions (2) and (6) , we obtain
Hence it is easy to get f 0 = 0, u 0 (t) ≡ 0. In a similar way for the functions (17)- (21) it is easy to prove that
Further, by the completeness of the system (10) in L 2 (0, π) we obtain
The uniqueness of the solution of the problem N is proved. The uniqueness of the solution of the problem D can be proved similarly.
Proof of the existence of the solution
We give the full proof for the problem D. The existence of the solution of the problem N is proved analogously. As the eigenfunctions system (10) of the problem D forms an orthonormal basis in L 2 (0, π) (this follows from the self-adjoint problem (7), (8)), the functions u (x, t) and f (x) can be expanded as follows
Р е п о з и т о р и й К а р Г У where f 2k+1 , f 2k , u 2k+1 (t) , u 2k (t) are unknown. Substituting (22) and (23) into (1), we obtain the following equation for the functions u 2k+1 (t) , u 2k (t) and the constantsf 2k+1 , f 2k :
Solving these equations [13] , we obtain
where the constants C 1k , C 2k , D 1k , D 2k , f 2k+1 , f 2k are unknown. To find these constants, we use the conditions (2). Let ψ 2k , ψ 2k+1 be the coefficients of the expansions of ψ (x)
We first find C 1k , C 2k :
The constant f 2k+1 is represented as
Now we find D 1k , D 2k :
For the constant f 2k , we find:
Substituting u 2k (t) , u 2k+1 (t) , f 2k , f 2k+1 into (22) and (23), we find
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